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Abstract 

Recently, it has been shown that stochastic spatial Lotka-Volterra models when 
suitably rescaled can converge to a super Brownian motion. We show that the limit 
process could be a super stable process if the kernel of the underlying motion is in the 
domain of attraction of a stable law. The corresponding results in Brownian setting 
were proved by Cox and Perkins (2005, 2008). As applications of the convergence 
theorems, some new results on the asymptotics of the voter model started from single 
1 at the origin are obtained which improve the results by Bramson and Griffeath 
(1980). 
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1 Introduction 
1.1 Motivation 

Originally, super Brownian motion arises as the limit of branching random walks; see [TOl HJ 
HH]. Recently, it has been shown that many interacting particle systems with very different 
dynamics, when suitably rescaled, all converge to super Brownian motion. Such examples 
include the voter model, the contact process, interacting diffusion process and the spatial 
Lotka-Volterra model; see [H [HI El [TJ [9]. Donsker's invariance principle is deeply involved 
in those results; see [22] for an excellent nontechnical introduction. So if we assume that the 
kernel of the underlying motion has finite variance, super Brownian motion is obtained as 
the limit process. On the other hand, the general class of stable distribution was introduced 
and given this name by the famous French mathematician Paul Levy. The inspiration for 
Levy was the desire to generalize the Central Limit Theorem which is the foundation of 



^Supported by NSFC (No.l0721091 ) 
^ E-mail address: hehui@bnu.cdu. en 



Donsker's principle. Thus we can expect that if we let the kernel of the underlying motion 
be in the domain of attraction of a stable law, the limit process could be a super stable 
process. 

A motivation for proving those limit theorems is to actually use it in the study of compli- 
cated approximating systems. For example, the Lotka-Volterra invariance principle estab- 
lished in [7j was used to study the coexistence and survival problem of the Lotka-Volterra 
model; see [8] . Cox and Perkins [6] used the voter invariance principle to give a probabilistic 
proof of the asymptotics for the voter model obtained in [3]. In this paper, we will show 
that rescaled stochastic spatial Lotka-Volterra models can converge to super stable processes 
and also use those limit theorems to get some new results on the asymptotics for the voter 
model. Coexistence and survival for the Lotka-Volterra model will be discussed in a future 
work. 



1.2 Our model 

A stochastic spatial version of the Lotka-Volterra model was first introduced and studied 
by Neuhauser and Pacala [I7j. In this paper, we follow the construction of the model 
suggested by [7] but we assume that the kernel of the model is in the domain of attraction 
of a symmetric stable law. We first briefly describe the model. Let {p{x,y)} be a random 
walk kernel on Z*^ (the d-dimensional integer lattice). Suppose at each site of Z*^ there is 
a plant of one of two type. We label the two types and 1. At random times plants die 
and are replaced by new plants. The times and the types depend on the configuration of 
surrounding plants. We denote by ^t, an element of {0,1}^ , the state of the system at 
time t and C,t{x) gives the type of the plant at x at time t. To describe the evolution of the 
system, for ^ G {0, 1}^'', define 

= P(a;,y)l{5fe)=i}> i = 0, 1. (1.1) 
yez" 

Let ao, «! be nonnegative parameters. Define the Lotka-Volterra rate function c(x,^) by 

^ \ /o(/i+«i/o) iiax) = i. 

The Lotka-Volterra process is the unique i G {0, 1}^ -valued Feller process with rate 
function c(x, ^), meaning that the generator of is the closure of the operator VL 

f^</'(e) = $^c(a;,O(0(a-</'(e)) 

X 

on the set of function </> : G {0, 1}^'' M depending on only finitely many coordinates, 
where i^{y) = C,{y) ioi y ^ x and ^^{x) = 1 — C,{x). 

Note that /o + /i = 1- The dynamics of C,t can now be described as follows: at site x in 
configuration ^, the coordinate ^(x) makes transitions 

0^1 at rate /i(/o + ao/i) = /i + ("o - l)/i , 
1^0 at rate /o(/i + "i/o) = /o + ("i - l)/o • 



These rates are interpreted in [T7] as follows. A plant of type i t site x dies at rate fi+aifi^-i, 
and is replaced by a plant of type ^ (y) where y is chosen with probability p{x, y) . ai measures 
the strength of interspecific competition of type i and we set the self-competition parameter 
equal to one. 

In |1] an invariance principle was proved for the voter model. That is appropriately 
rescaled voter models converge to super-Brownian motion. Thus we can expect that when 
the parameters ai are close to one a similar result holds for the Lotka-Volterra model. The 
results in [7] and [9] say that it is true. The intuition of the voter invariance principle is that 
when appropriately rescaled, the dependence on the local density of particles gets washed 
out and the rescaled voter models should behave like the rescaled branching random walk. 
The asymptotics behavior of the latter is well known: it approaches super-Brownian motion. 
On the other hand, if the kernel of the underlying motion is in the domain of attraction of 
a stable law, appropriately rescaled branching random walk could approach a super stable 
process; see Theorem II. 5.1 of [18]. The above reasoning suggests the possibility of that 
suitably rescaled Lotka-Volterra should approach a super stable process. Our main results 
in this paper will show that it is the case. 

Let M{W^) denote the space of finite measures on M , endowed with the topology of weak 
convergence of measures. Let VLd = D{[0,oo), M{W^)) be the Skorohod space of cadlag 
paths taking values in M(M'^). Let Qc be the space of continuous M(M'^)-valued paths 
with the topology of uniform convergence on compact set. We denote by Xt{uj) = ujt the 
coordinate function. We write for J (pdix. For 1 < n < oo let C^iW^) be the space 
of bounded continuous function whose partial derivatives of order less than n + 1 are also 
bounded and continuous, and let Cq (M*^) be the space of those functions in C^iW^) with 
compact support. 

A M'^-valued Levy process Yt is said to be a symmetric a-stable process with index a G 
(0, 2] and diffusion speed cr^ > if 

^(r/) :=E(e'''-^i) = e-'^'l''l", (1.2) 

where \y\ is the Euclidean norm of y. The distribution of Yi will be called (cr^, a)-stable law. 
When a = 2, G M*^ is a d-dimensional a^-Brownian motion whose generator is Acj) = " 
for G CliW^). When < a < 2, the generator of Yt is given by 



^2 



A(t){x) = = a 



for G Cl{W^) and Dj = where 



(f){x + y)- (p{x) - yjDj(j){x) 



u{dy) 



u{dy) = c\y\ "l{|y|^o}(c?y) 

for an appropriate c > 0; see [20] for details. In both cases, C^(]R'^) is a core for A in that 
the 6p-closure of {{4>,A(f)) : G C^} contains {(0, .40) : G V{A)}, where ^{A) denotes 
the domain of the weak generator for the process Y; see |18j . 

An adapted a. s. -continuous M(M'^)-valued process {Xt : t > 0} on a complete filtered 
probability space {Q, JF, JF^, P) is said to to a super symmetric a-stable process with branching 
rate b > 0, drift ^ G M and diffusion coefficient cr^ > starting at Xq G M(M'^) if it solves 
the following martingale problem: 



For all (j) e Cfe~(R'^), 

Mi(</.) = - Xo(0) - y ( ds-ej X,{<P)ds (1.3) 

is a continuous (j?-t)-martingale, with Mo(0) = and predictable square function 

(M(0))i= f Xs{hci>^)ds. (1.4) 

The existence and uniqueness in law of a solution to this martingale problem is well known; 
see Theorem II. 5.1 and Remark II. 5. 13 of [IH]. Let -P^q'°^ denote the law of the solution on 
Vic- So h and 9 can be regarded as branching parameters and parameters a and a determine 
the underlying motion. 

Let {Zn : n > 1} be a discrete time random walk on Z*^, 

n 

Zn = Zo + Ui, 
1=1 

where zq G Z'' and the random variables {Ui : i > 1) are independent identically distributed 
on Z''. Let {p{x,y)} be a random walk kernel. In the following of this paper we assume 
that 

(Al): p{x,y) = p{x — y) is an irreducible, symmetric, random walk kernel on Z*^ and 
p{0) = 0. For a G (0, 2] and cr^ > 0, {p{x)} is in the domain of attraction of a symmetric 
(cr^, a)-stable law; i.e., 

P{Ui = x) = p{x) 

and there exists a function b{n) of regular variation of index 1/a such that 

n 

6(n)-i^f/, asn^cx), (1.5) 

i=l 

where Yi is determined by (11. 2p and the symbol means convergence in distribution. 

We will call a random walk (discrete time or continuous time) with kernel satisfying as- 
sumption (Al) a stable random walk. In the following of this paper, we always assume 
that 

(Al) holds for some a > and a G (0,2]. 

Remark 1.1 Without loss of generality, we may and will assume that function b is con- 
tinuous and monotonically increasing from M"*" onto and 6(0) = 0; see IT^ or IT^ . We 
also have that 

b{x) = x^^'^six), X > 0, 
where s : (0, oo) — > (0, oo) is a slowly varying function, meaning that for any c> 0, 

hm ^ = 1 

where the convergence holds uniformly when c varies over the interval [e, 1/e] for any e > 0; 
see Lemma 2 of VIII. 8 of /If . 



Remark 1.2 According to Proposition 2.5 of fT^ and its proof, we have that under (Al), 
random walk {Zn} is transient if and only if 

oo 

fc=i 



By Lemma 2 in Section VIII. 8 of U^ . the random walk is always transient when d > a. 
Typically, when d = a = 1, the random walk is recurrent if only if 



oo ^ 

^ ks{k) 



OO. 



Now, we are ready to define our rescaled Lotka-Volterra models. For = 1, 2, ■ ■ ■ , let 

Sjv = Z76(iV). 

Define the kernel Pn on E>n hj 

Pn{x) = p{xb(N)), X E Sat. 
For e e {0, l}^'^, define the densities //^ = //^(O = ft^{x,0 by 

fi^i^^ = ^PN{y- x)l{^(y)=i}, i = 0, 1. 

Let = af^ depend on and let be the process taking values in {0, l}^'^ determined 
by the rates: at site x in configuration ^, the coordinate C,{x) makes transitions 

0^1 at rate iV/f (/o^ + «o^/f ), 
1^0 at rate iV/o^(/f + «f /o^). 

That is is rate-A^ Lotka-Volterra process determined by the parameters af and the 
kernel pn- More precisely, if set 

^^^^^^) - \ Ar/o^(/f + if = 1, 

C,^ is the unique Feller process taking values in {0, 1}^^ whose generator is the closure of 
the operator 

^Nm= $^cjv(x,o(0(r)-0(O) 

on the set of function (p : ^ E {0, 1}^'' M depending on only finitely many coordinates. 
Here ^^{y) = ^{y) ioi y ^ x and S^^{x) = 1 — i{x). 

Remark 1.3 // we assume ^^g^d a;*x-'p(a;) = (5jjCr^ < oo, then p{x) is in the domain of 
attraction of a normal law. That is the case of a = 2. So we recover the fixed kernel models 
in For critical case, since there are significant differences between the case of d = a = 1 
and the case of d = a = 2, we only consider the case of d = a = 1. For d = a = 2, please 
see the work in f^. 



Define 



g{x) = J b(s) ^ds 



for d = a = 1 and x > 0. According to Remark 11.21 tlie one-dimensional random walk Z is 
recurrent if and only if lima;^oo 9{x) = oo. 

Set 

{A^, if d> a, 

A^, if c? = a = 1 and lim^.^oo g{x) < oo, 

N/g{N), \i d = a = 1 and lim^^oo fl'(a^) = oo. 

That is when the stable random walk is transient N' = N and A^' = N/g{N) if the stable 
random walk is recurrent. 

We define the corresponding measure-valued process by 

^^ = j^Il (1-6) 
As in [7j and [H], we make the following assumptions: 



^^x) < oo. 



(2) Xo in M{W) as N ^ oo. (A2) 

(3) = N\af - 1) ^ e M as X ^ oo, i = 0, 1. 



Now, we are ready to describe our main results. 



1.3 Main results 

To describe the limit process, we introduce a coalescing random walk systems {-Bf , x G Z"^}. 
Each is a rate 1 random walk on with kernel p, with Bq = x. The walks move 
independently until they collide, and then move together after that. For finite A C Z"^, let 

f(A) = inf{s:|{4^xGA}| = l} 

be the time at which the particles starting from A coalesce into a single particle, and write 
f (a, 6, ■ ■ ■ ) when A = {a, b,- ■ ■}. Note that when the stable random walk is transient, we 
can define the "escape" probability by 

7e=^p(e)P(f(0,e) = oo). 

We also define 

(3= J2 MeMe')i"(r(e,e')<oo,f(0,e)=f(0,e') = oo), 
S= ^ p(eMe')P(r(0,e)=f(0,e') = oo). 



We also need a collection of independent (noncoalescing) rate-1 continuous time random 
walks with step function p, which we will denote {Bf : x G Z"'}, such that = x. Define 
the collision times 

r(x, y) = mi{t > : B^ = B^, x,y e Z". 
Let P/v denote the law of . Our first result is following. 

Theorem 1.1 Assume (Al), (A2) and d > a. If the stable random walk is transient, then 



as N oo, where 9 = 6q[3 — 0i5 



Note that if we assume 'Ylx&'i^^^'^Pi^) ~ ^ij^"^ < cxd, then {p{x)} is in the domain of 
attraction of a normal law with h{N) = \/N . So Theorem 11.11 generalizes Theorem 1.2 in 

Next, we consider the recurrent case. And for some technical reasons we need to assume 
that the {p{x)} is in the domain of normal attraction of (cx^, l)-stable law; see Remark 14.51 
below. To state our result, we introduce the one-dimensional potential kernel a(x). 



a(x) 



/•oo 

/ [P(5° = 0) - P(Br = 0)] dt. (1.7) 
Jo 



We will discuss the existence of a{x) later. Note that a{x) > 0. Let {pt{x) : t > 0,x G M} 
denote the transition density of {Yt}. Now we define 

POO 

7* = (Pi(0))-^ / V p(e)p(e')P(r(0,e) A r(0, e') > r(e, e') G du, 

Jo xy ee' 

Bl = x,Bl = y)a{y-x). (1.8) 

Our critical Lotka-Volterra invariance principle is 

Theorem 1.2 Assume (A2), d = a = I, (Al) holds with h(t) = t and N' = N/\ogN. 
Then 

Pat — ^ Pxo 

as N ^ oo, where 6 = 7* (6*0 — ^1) and p = (pi(0))~^ 



Remark 1.4 According to Remark \l.2\, the assumption that (Al) holds with b{t) = t implies 
that the stable random walk is recurrent. 



Now, we consider the applications of the convergence theorems. One can see from the 
rate function form that if we set ao = «i = 1, is just the well known voter model. Identify 

with the set {x : ^t(x) = 1} and let denote the voter model starting from I's exactly 
on A, = A. Write for The usual additive construction of the voter models yields 

= U ^t- 



The fact that |^°| = Ylx^ti^) is martingale tells us hits eventually with probability 1. 
Letting pt = P{\^t \ > 0), it follows that pt ^ as t — *■ oo. People always want to determine 
the rate at which pt — > 0. By using a result in [21], Bramson and Griffeath [3] were able 
to obtain precise asymptotics under the assumption that the underlying motion is a simple 
random walk. By making the voter model invariance principle, Cox and Perkins [6] reproved 
the main result in [3] under a weaker assumption that the jump kernel has finite variance. 
In this paper as applications of the convergence theorems above we want to determine the 
rate at which — >• under the assumption (Al). With notation f{t) ^ g(t) as t — oo we 
mean lim„^oo /(^)/fi'(^) = 1- Our result is following theorem. 

Theorem 1.3 Assume d> a and (Al) holds with b{t) = t^^"; i.e., {p{x)} is in the domain 
of normal attraction of the (a, a)-stable law. Let 71 = pi{0)~^ for d = a. Then as t 00 

hgt 

Pt ~ — - d = a, 

lit 

~ {'jet)~'^ d > a. 

Moreover, 

P{pt\(f\>u\\^^\>0) ^e--, u>0. 

At last, we introduce some notations which will play important roles in our proofs of the 
main results. First, according to [13], for < a < a, we can define 



•= X] \x\^{x) < 00. 



And by (A2), define 



9 = 1 VsupiV'laf - 1| < 00. 

N,i 



For D CM.'^ and 6: D ^R, define 



Lip = 1 101 loo + sup 



{x) -(p{y)\ 



f^y \x-y\ 



For < a < 1, let 



0, (j) = c for some constant c G 

^^Px^y,\x-y\<i ''^u-dF' V 2| 101 loo, otherwise. 



and for a > 1 let 
Note that for a < 1, 



|a = 2||0||Lip. 



|0(x)-0(y)| ^ |0(x)-0(y)| 
sup I I _^ sup I I 

xj^y,\x-y\<l p y\~ Xf^y \X y\ 

Thus for any a>0 

<2||0||Lip and |0(x)-0(y)| < ||0|yx-y|^. (1.9) 



Remark 1.5 Since p{-) in this paper may not have bounded moment of the first order, we 
can not use Lipschitz norm to do estimates. Thus a 'Holder' norm is introduced. 

The remaining of this paper is organized as follows. In Section[2], we first give some random 
walk estimates and then deduce the semimartingale decompositions for the approximating 
processes. Finally, we prove a key result, uniform convergence of random walk generators 
to the generator of the symmetric stable process. In Section 3 and Section 4, we follow the 
strategy in [7] and [9] to prove our convergence theorems. Theorem 11.11 and Theorem 11.21 
Our proofs will be deeply involved due to the lack of high moments. We will carry out in 
detail only the part that differs. Theorem 11.31 will be proved in Section 5. 

2 Preliminaries 

2.1 Random walk estimate 

Recall that {B^,x eZ'^} is a collection of rate-one independent stable random walks with 
Bq = X. Let pt{x,y) = P{B^ = y) denote the transition function of {-Bf}. We denote by / 
the inverse of h. Define the characteristic function of the step function p{-) by 

^[n) = ^p(x)e-*^-'^ for 7]eT^:= (-tt, tt]^. 

X 

Since p is symmetric, ip{ri) is real. So 

Pi(0,x)<pi(0,0). (2.1) 
The following proposition is taken from |15j . 
Proposition 2.1 The following are equivalent: 

(1) p{-) is in the domain of attraction of {a'^ , a) -stable law. 

(2) iP{r]) = 1 - + a (jrim) '"'I ^■ 

(3) ^^{V), 

We also have that I is of regular variation of index a and 

l{x) = x°t(x), 

where 

t{x) = s(/(x))-°. 

By Lemma 2.1 in [T3], for any e > 0, we have that there exist two positive constants C^, 
such that, for any 1 < y < z, 

C.y'^-' < l{y) < Cy^' and a (^^y < 1^ < C: (^^^ . (2.2) 



A similar result also holds for b, with a replaced by 1/a. Since p{-) is symmetric and 
irreducible, ijj is real and ijj{ri) = 1 if and only if r/ = 0; see [23] • According to Proposition 
12.1^ we may assume that there exists a constant C > such that 



C 



< 1 -i^iv) < 1 



for every r] G T'^. ( 12.21) tells us that for b{t) > dn, and < e < a, 



(2^3) 



Recall that {pt(x) : t > 0,x G M} denote the transition density of {Yt}. The local limit 
theorem for the stable random walk which plays an important role in our proofs of main 
results will be given in the following proposition. 



Proposition 2.2 If (Al) holds, 



lim sup 



bit)%{0,x)-pi 



X 



b{t) 



(2.4) 



and there exists a constant C depending on p{-) such that for every t > and x G W^, 

Pt{0,x)<Cb{ty''. (2.5) 

Moreover, if b(t) = t and d= 1, 

supP(50 = x)<q|j(t + l)"\ (2.6) 



Proof. Since / is a function of regular variation, by Proposition 12. for each |?7| > 0, 

ri 



lim t\l — ih. , , , 



t^ool{b{t)l\r]\y 



(2.7) 



Then 



b{tYpt{Q,x) -pi 

< (27r)-'^ 
+ (27r 

< (27r)^ 
+ (27r 



X 

W) 



-ix-irj/b(t)) 





b{t)T<' 




1-" 


! 






m'^\b{t)T<^ 


V 

Jb 


{t)T'' 


exp 









exp < —t { 1 — tp 



hit) 



dri- I e-^(^/^(*))"'^(r/)rfr/ 

b{t)T'i 



exp {— cr^|?7|°} dr] 



exp < —t { 1 — 



bit) 

exp {— o"^|?7|°} drj. 



)}-exp{-a2|r/r} 



drj 



Then the Dominated Convergence Theorem with f l2.3p yields (12 .4^ . For (12.51) . when b{t) > 
dn, 

pt{0,x) = {271)-'' [ e-'^-^exp{-t{l-4>{r]))}drj 

< {27i)-%{t)-'^ [ exp{-{C,yC^){\r]\^+'+\r]\^-')}dri 

< ch{ty\ 

where the second inequahty follows from (12.31) . Then (12. 5p holds for every t > 0. We 
complete the proof. □ 

The following two propositions consider the growth of the stable random walk. 

Proposition 2.3 (a) If zt G 1/ and tx > satisfy 

lim TT-r— = z and lim — = s > (2.8) 

T^oo b{T) T^oo T ^ ' 

then 

^hm h{TYP{Bl = zr) = (2.9) 
(b) For each K > 0, there is a constant ^2.1^ -^) ^ ^ such that 

^TJ^^ I A) b(TrP{B'r = x)> qzMK). (2.10) 

Proof. By and Remark [HH we have limy^oo ^ = s. Then (I2ISD follows from fl^ . 
For (b), when « = 2, by (12.41) . the desired result is immediate. When < a < 2, recall that 
{pt{,x) : t > 0,x E M'^} is the transition density of a symmetric a-stable process. By the 
arguments after Remark 5.3 of [I], there exists two positive constants ci and C2 such that 



Cl 

By above bounds and (12. 4p 



liminf inf b(TrP(Bll = x) = liminf inf piix/hiT)) 

T^oo \x\<Kb{T) T^oo \x\<Kb(T) 

> c(lAi^"'+"). 

The desired result follows readily. □ 



Proposition 2.4 Assume d = 1. If gi and g2 are two positive functions on M'^ such that 
gi{x) — > +00, g2{x) — > +oo as x +oo, then there is exists a constant 0[2.1^ which only 
depends on p such that 



(2.12) 



Proof. First, 



P [\Bl^N)\ > 92{N)) < P (^^max^ > g^{N)^ . 
Note that {5° : n > 0} is a compound Poisson process whose Levy measure is given by 



which is a symmetric measure. According to the arguments in Section 3 of [19] . 



p( ma.x m> g^iN)) < Cg^{N) (uo{z : \z\ > (?2(iV)) + g2{N)-^ [ 

V<9i{N) J V J\z 



\z\<g2{N) 



where C is a positive constant; see (3.2) of [12]. Since p{-) is in the domain of attraction of 
(o", a)-stable law, we have 

x'^[uo{z ■.\z\>x)] 2- a ^2 



l\z\<x 

and 



a 



b{xf 



Co (2.14) 



as X — > cxD for some constant Co > 0; see (5.16) and (5.23) in Chapter XVII of [13]. By 
fl2.13p there exists a constant Ci independent N such that 

I/O {z : \z\ > g2{N)) < CM^y^ [ z^^dz). 

J\z\<g2(N) 

According to (12.141) . there exists another constant C2 independent of such that 



'\z\<g2iN) 

(Recall that / is the inverse function of b.) Thus 

9iiN) 



P max 15:^1 > g^^N) < CC^iCi + 1 



which yields the desired result. □ 



2.2 Semimartingale decompositions 

Some results in this subsection are exactly the same with those in Section 3 of [9]. For 
complement, we list them here. Let be the rescaled Lotka-Volterra model we have 
constructed in Section \UI\ As in [^, we introduce the following notation. If 



(t) = (t)s{x), ^s{x) = ■j-(j){s,x) e Cb{[0,T] X Sn), 



and s < T, define 



An{4>s){x) = J2 NpMiy - x){My) - M^)) (2.15) 

j/GSjv 



D^^\<l)) = l' Xf{AN<Ps + <Ps)ds (2.16) 
Jo 

Dri<i>) = ^^""Ir f E <ps{x)^,^,.,^o}Uf{^.if)?ds (2.17) 

^"^''(0) = ^^""^r r E 0s(^)l{ew=i}(/o''(^^ef))^^^ (2.18) 

•-'0 ,„^f:' 



(M^(0))m 



/ E E - ^^^^^siy) - i^{^)?ds (2.19) 



+ K - l)l{e(.)=i}(/o^(^,e))']^^ (2.20) 

If X. is a process let {T^ ,t > 0) be tlie riglit-continuous filtration generated by X.. The 
following proposition is a version of Proposition 3.1 of P|. For its proof, please go to Section 
2 of [7|. 

Proposition 2.5 For 0, G Cfe([0,T] x §jv) anc? t G [0,T], 

(0*) = ^o^(0o) + A^(0) + (0), (2.21) 

where 

Dn^) = Df\^) + Df\^) - D^''{^) (2.22) 
and M^{(j)) is an J^^^ -square-integrahle martingale with predictable square function 

(M^(0)), = (M^(0))i, + (M^(0))2,. (2.23) 
The following lemma is a generalization of Lemma 3.5 of [7] and Lemma 4.8 of [9]. 

Lemma 2.1 There is a constant C such that if (j) : [0, T] x Sjy ^ ^ is a bounded measurable 
function, then 

(a) (M^(0))2,t = jtm^M)ds, where 

Ksm<C^-^Xfi^)- (2.24) 

(b) For a < 1 A a, 



(M^(0))i, = 2 fx^{iN/N')<p%''{C))ds + tml{<p,)ds, (2.25) 

JO JO 



where 



A 



2iV||0||L^f(l) 



(2.26) 



N'b{N)^ 

(c) For z = 2, 3, D^'\(t)) = /J d^^\(t))ds for t < T, where for all N, s<T, 

Mf'X0)l < c||0.iuxf ((iv/iv')/o^(ef )) • 

Remark 2.1 Note that when N' = N, since f^ < I, 

Mf'X0)l<C||0.||ooXf(l), z = 2,3. 

Proof, (a) In the following of this proof, with C we denote a positive constant which may 
change from line to line. Since f^ < I, f(^ < 1 and l|^iv(^,-)=i} = ^^{x), the definition of 
(M^(0))2,t and the fact that f^ + ff = I imply 



{N7 



2 sup^iV'K-l|^^ 



- (ivo^ Z^^^^^ ~ ~ 1 {e (-)=!} (2/)=!} + -TTTj^^s (1) 



< 



(Ar')2 ^ 

where the second inequality follows from (A2). For (b), note that 

1 



(M^(0)) 



2,t 



' x&N y&N 



Thus (12:251) holds with 



N 



7^ E '^^'^^^ E PNiy - x)i^fiy)'^{i^{x)=o} -C^(2;)i{e(y)=o}) 



E PNiy-^Mi^)-<l^liy))Ciy)a-Ci^)) 



< 



{N') 

2iV||0||L^f(l) 



x,3/G§jv 

12 TLAAf/ 



On the other hand, 

mx)-<Pl{y)\<m\l\^-y\^ 

for a < 1 A a. Thus 

ml{<P) < 2{N/N')M\l-^Y.^^{y)J2\y-^\^PN{y-x) 

y X 



N'b{NY- 



We complete the proof of (b). For (c), according to (A2), the fact that both and //^ are 
less than 1 yields 

X y 

< C'||0.|UXf((iV/iV')/o^(e))- 
We are done. □ 



2.3 Convergence of Generators 

In this subsection we consider the uniform convergence of ^at. Recall the definition of 
generators of symmetric stable processes and the stable random walk Zn defined in section 
Ol For each > 1, let {P/^^ : t > 0} be a rate-A^ Poisson process which is independent 
of {Ui:i> 1}. Then 

p(N) 
i=l 

is a compound Poisson process on M'' whose Levy measure is given by 

u^idy) := ^ NpN{z)5^{dy); 

see [20] • Note that both the law of and the (a^, Q;)-stable law are infinitely divisible 
distributions. We also have that 

E(e-r.)^e.p{-^(v,(^)-l 



Z^ — > Yi as N oo. 



By (I22D, 

According to Theorem 8.7 of [20] and its proof, we see 

I 1 2 21 

PN{dy) := ^ ,, VN{dy) p{dy) := }'\M dy) in M(M<^). 



^'1 


y\ 




1 + 


\y 


2 



For / G Cb{M.'^), define 



\bl = sup V sup 



\fi^)-fiy)\ 



tjty \x y\ 



Let V, Q be two probability measures on M.'^. Set 



IV - Q\\bl ■= sup 

II/I|SL = 1 



fdV - / fdQ 



It is easy to see that 



\V-Q\\bl 



sup 

-||bl<oo 



\JfdV-JfdQ\ 



BL 



By Problem 3.11.2 of [12], 

\\V-Q\\bl<5M{V, Q), 
where A4 denotes the Prohorov metric; see Chapter 3 of |12j . 



(2.27) 



(2.28) 



Lemma 2.2 For (p e Cl'^{[0,T] x 



lim sup I \An(Ps 



0. 



Moreover, for each R < oo, the rate of convergence is uniform on 

Hr:= \(t)eCl'\[Q,T]xW') : sup (||0,||oo + ||(</'s)i||oo + ||(</'s)^il|oo + ||(</'s)^ifc||oo) < i?V 

where the subscripts i,j,k indicate partial derivatives with respect to the spatial variable. 
Proof. Recall that -D, = jp-- Define 

'Ps{x + y)- <Ps{x) - Y^\^ X! yjDj4>s{x) 

Since pi\f is symmetric, we may rewrite 

AN(psix) = I gs{x,y)pN{dy) 

and we also have that 



9s{x,y) 



1=1 



1 + 


y 


2 




y 


2 



9s{x,y)p{dy). 



Let h:W^ -> [0, 1] be a function such that 

5(0, 1) C {x : h{x) = 0} C {x : h{x) < 1} C 5(0, 2) 

and 

5(0,2)^ C {x : h{x) = 1}. 



Define hk{x) = h{kx) for k > 1. Let 

9kis,x,y) := hk{y)gs{,x,y). 
Tlien gk{s,x,y) = gs{x,y) for \y\ > 2/k. One can check tliat 

sup sup sup sup {\\gk{s,x, -Woo + \\9six, ■)\\oo) < CdR 

k <t>£Hii s X 



and for each k> 1 



sup sup sup 1 1 



dgk{s,x,y) 



< kC,K 



where Cd is a constant which only depend on d. Typically, for each k > 1, 

sup sup sup \ \gk{s,x, ■)\\bl < {k + l)CdR. 

(f>&Hji s X 



By flZ^ and flZ^ . we obtain 



sup sup sup 

(peHii s<T X 



I gki-s, X, y)pN{dy) J gk{s, x, y)p{dy) 



Pn 

<{k + l)CdR ■ 

— > 0, as ^ cxD. 



PN P 



p^(M^)'p(M<^) 



By triangle inequality, 



sup sup sup 

0eHH s<T X 



< CdR \pn{ 



gkis,x,y)pN{dy) - / gk{s,x,y)p{dy) 



')\ 



-^piMf') sup sup sup 
> 0, as ^ oo. 



/ gk{s, X, y)pN{dy) J gk{s, x, y)p{dy) 



Pn( 



p(M"') 



Using triangle inequality again. 



sup sup I \An4>s 
4>eHR s<T 



a 



2^a/2 



< sup sup sup 

<t>eHR s<T X 



+ sup sup sup 

(peHji s<T X 



gs{x,y)pN{dy) - J gk{s,x,y)pN{dy) 
gk{s,x,y)pN{dy) - / gk{s,x,y)p{dy) 



+ sup sup sup 

</>eHfl s<T X 



gkis,x,y)pidy)-Jg.ix,y)pidy) 
< CdRpN{{y : \y\ < 2/k}) + CdRp{{y : \y\ < 2/k}) 



+ sup sup sup 

(t>£Hji s<T X 



gk{s,x,y)pN{dy) - / gk{s,x,y)p{dy) 



Note that p{dy) is absolutely continuous with respect to the Lebesgue measure. Letting N 
go to infinity above yields 



lim sup sup ||^Ar0s 1 loo < '2CdRp{{y : \y\ < 2/k}). 

N^oo ^^Hr s<T ^ 

Then since p({0}) = the desired result follows readily if we let A; ^ oo. □ 



3 Proof of Theorem 11.1 



In this section, we assume the stable random walk Z is transient, which is equivalent to 

dx 



1 h{xY 



< oo. 



When d = a = 1, above condition implies that s{x) ^ oo as x — oo.The strategy of the 
proof is the same with that used in [7] . In [7] the authors worked with a more general class 
of particle systems they called voter perturbations. As a result we will specialize the setting 
there for the reader's convenience. Let {B^'^ : x G Sat} denote a rate-iV continuous time 
coalescing random walk system on S^v with step function p^- such that Bq'^ = x. For a 
finite set A C Sat, let 

f^(A) = inf{t > : e A}\ = 1}. 

We also need a collection of independent (noncoalescing) rate-A^ continuous time random 
walks on Sjv with step function p^, which we will denote {B^'^ : x G Sat}, such that 
Bq'^ = X. For any finite subset A of Z"^, let f^(A) = f{A/b{N)). We first check the kernel 
assumptions in Section 1.2 of [7j. 

Lemma 3.1 There exists a positive sequence {e^} with — and Ne*^ oo. such that 
the following hold: 

lim NP{B^,'° = 0) = 0. (3.1) 



lim Vp;v(e)P(f^({0,e}) G (e^,t]) = for all t > 0, 

eeSiv 

lim J]p^(e)P(f^({0,e})>6]v) = Te- (3.2) 



and if we define a^iA) = P(f (A) < e^) for any finite subset A ofX , then 

lim aN^A) = cr(A) exists. (3.3) 

W— >oo 



Proof . First, consider the case d > a. We may assume = A^"*^ for some < e* < 1. We 
need to find a suitable condition on e*. Recall that 6 is a function of regular variation with 
index 1/a. Given e < 1/2, there exist two positive constants C^, C'^ such that for y > 1, 



By (12.51) . we see 

NPiB^f = 0) = NPiB%,,^ = 0) < CNbiNe*^)-'^ < 

A simple calculation shows that given e < 1/2, we can set 

e* = N-'* for e* < 1 - , " , < 1. (3.4) 

a — ade 

Then iVP(i?^'° = 0) ^ as ^ oo. When d = a = 1, since s{x) ^ oo as x ^ oo, we 
can set x(0) = and W k >1, there exists x{k) > x{k — 1), such that if x > x{k), s{x) > k. 
Then x{k) ^ oo as k oo. Define function s' on M"*^ such that s'{x) = 1 for < x < x(l) 
and 

s'{x) = k, for x{k) < x < x{k + 1) and k > 1. 
It is easy to see that s'{x) | oo as x — > oo and Vx > x(l), s'(x) < s(x). Define 



e%:= (i\ogN)Ay/s'{N/\ogN) 



Then Ne*^ > N/\ogN and A^e^ ^ oo as A^ oo. Thus when A^ is large enough {Ne*^ > 
^(1)), 



e^s(A^e^) > s'iNe*^)/./7iN/h^ > ./s'iN/hgN) > oo. 



We have that 



NP{B^.'^ = 0) < CA^6(A^e^)-^ - ^ 



as A^ — s> oo. Next, 

5^P;v(e)P(f^({0,e})>e^) = p(e)P(f(0, e) > A^6^) 

5^p(e)P(f(0,e) = oo)=7e. 

Note that 

P (f^({0, e}) G (e^, t]) = P(f^({0, e}) > e]v) - P(f^({0, e}) > t). 

Then the second limit also holds. For any finite set A C Z"^, 

aN{A) = P(f^(A) < e;.) = P(f(A) < Ne*^) ^ P(f(A) < oo) = a{A). 

We are done. □ 

Next, we consider the 'perturbation' term. As in [7], let Pp denote the set of finite subsets 
of Z'^. For A e Pp, X G ^ G {0, 1}^^, define 



XN{A,x,i)= W i{x + e). 

e&A/b{N) 



We also define 



C(p(e))^ A = {e}, 
Pn{A) = { 29^p{e)p{e'), A = {e,e'}, 
0, otherwise, 



and 



Sn{A) 



^f, A = 0, 

<[(p(e))2-2p(e)], A = {e}, 

29^p{e)p{e'), A = {e,e'}, 

0, otlierwise. 



Remark 3.1 According to the arguments in Section 1.2 of the 'Perturbation assump- 
tions' (PI) to (P5) there are satisfied by the above coefficients with Ij^ = b{N). 

The following proposition is exactly the same with Proposition 3.3 of [7j. The Proposition 
3.3 of [7] was proved in Section 4 there in which the proof of the results did not use any of 
the kernel assumptions. Thus we can state the following proposition without proof. 

Proposition 3.1 ForK,T > 0, there exists a finite constant Ci{K,T) such that if sup Xq{1) < 
K , then 

supE (supXf (1)2 ) <Ci{K,T). 

N \t<T J 



This bound allows us to employ the arguments of [7]. Next, we consider another 

technical result, a version of Proposition 3.4 of [7j. For A G Pp, <P • [0,7"] x Sn — ^ K 
bounded and measurable, K > and t G [0,T], define 

SN{A,<P,K,t) 



sup E\( f ]-y^U^)xN{A,x,^^)-aM{A)Xf{ 



ds 



Set C/3 = supjv \0q\ e'eZ'iP(^)p(^') c = + kg, where ks = sup^ The following 
proposition is a version of Proposition 3.4 of [7]. 

Proposition 3.2 There is a positive sequence — > as N — > oo, and for any K,T > 0, 
a constant C2{K,T) > 0, a < 1 A a, such that for any G Cb{[0,T] x E>n) satisfying 
suPs<T I |0s| Uip < K, nonempty A G Pp, d & A, J > 1 and <t <T, 



£N{A,(P,K,t)<C4{K,T) 



+J2 eN\A\ + {(Tn{A) a (ejv + 



)) 



In particular, limAr^oo sup^^j. Sn{A, 0, K, t) = 0. 



Proof. We can follow the arguments in Section 5 and Section 6 of [?]. In fact, only a 
small trick is needed. For a G (0, 2] and d > a, we may find an a < a which is close enough 
to a so that 



as iV 



oo. 



(3.5) 



(Note that fe is a function of regular variation with index 1/a and recall the choice of in 
Lemma F3. II when d > a). Fix this a. For ||0||Lip < K, (11. 9p implies 



E 



y 



b{N) 



B 



N,0 



< 2KE 



B 



N,0 



aAl 



b{N) 

< 2KE{\Bf^Y'"^) +2K 

When a > 1, we may assume a A 1 = 1 < a. (13.51) suggests 

as • 



h{N) 



aAl 



oo. 



When (i = a = 1, for any a < 1, by (11.91) . 



E 



y 



b{N) 



B 



N,0 



< 2KE (|i?f'° - a/6(iV)h < s(iV)"i) + 2||0|UP > s(iV)"i) 



<^^2K 



s{Ny 



b{N) 



We want to estimate the last term above for s = e%. First, 

p{\B^f\>s{Nr)=p[\B%,,J>N). 

By Proposition Eai and (ES]), P{\B^*^\ > s(A^)-i) is bounded by 



to — — - 



Recall the choice of in the Lemma [3.11 when d = a = 1. The last term above goes to 
zero when N ^ oo. Set 

eN = 2J^E(|5^^'°|^i^i) for > a 



and 



2K 



Then eA?— >OasA^— >oo and 



2KP{\B^/\ > s{Ny^) for = a = 1. 



E 



<P y 



KN) 



B^f 



<eN + 2K 



b{N) 



(3.6) 



With (13. 6p in mind, the reader may go back to for the proof of this proposition. In 
fact, as in [7], we first define ?7Ar as (5.1) of [7] and decompose it into four error terms 



rjf,i = 1,2,3,4. And decompose r]^ into two terms, rj^i and r]^2^ in (5.15) and (5.16) of 
[7j respectively. (13. 6p will be used when we estimate 'r]^^2{^) as on p. 944 of [7]. Only a part 
of the proof at the end of Section 5 of [7j is needed to be modified. When estimate rj^^, we 
also need (O). ' □ 

The following technical lemma will be used in checking the Compact Containment Con- 
dition. 

Lemma 3.2 Let P^^ denote the semigroup associated with generator An ■ We have 

(Pf (lB(o,n)0) -^0 as n ^ oo 

uniformly in N and s < t. 
Proof. Since 

X<f (Pf (lB(o,n)0) < Xo^(P(0,n/2)^) +Xo^(l)P(|Sf'°| > n/2), 

and (A2) holds, it suffices to show P(|Pf^'°| > n/2) goes to uniformly as n — > oo. For 
< c < 1, note that 

Pi\B^^'\>cn)=P{\BU>cnb{N)). (3.7) 

When a = 2, the desired result follows from Chebyshev's inequality. We only need to 
consider the case of a < 2. Clearly, we can deal separately with the different coordinates 
of P^'" and the distribution of each coordinate of Yi is a dimension-one (cr^, a)-stable 
distribution. (Al) implies that each coordinate of p{-) is in the domain of attraction of 
the dimension-one (a^, a)-stable distribution. Thus, for this proof only, we can assume 
d = 1 (Here we drop the assumption d> a). By Proposition 12.41 and (12. 2p . the right hand 
side of (13. 7p is bounded by 

^^l{cnb{N)) ^^l{cnb{N)) " a(cn)"-^' 

where the inequality holds for cn > 1. The desired result is then immediate. □ 

Proof of Theorem 11.11 Now, we are in position to prove Theorem 11.11 First, we check 
the compact containment condition. Let /i„ : M'^ ^ [0, 1] be a C°° function such that 

P(0, n) C {x: hn{x) = 0} C {x : /i„(x) < 1} C P(0, n + 1) 

and 

sup \\ihn)i\\oo + \\{hn)ij\\oo + \\ihn)ijk\\oo = Ch < OO. 

Let (pn = (T^l A"/^/i,„|/2. Using Taylor's formula and dominated convergence theorem we 
obtain there exists a constant C > such that 



supJ]||(A-/2/i,),ll^<a 



i<d 



Thus sup„ ||0n||Lip < C. We may define 6lf, 6% and d^ as on p. 927 of [7j. With Proposition 
13.21 in hand one can check that both Lemma 3.6 and Proposition 3.8 in [7j are available. To 



establish the Compact Containment Condition, we may follow the proof of Proposition 3.9 
of [7]. In fact, the argument above and Lemma [3.21 show that 



lim e( [ X^{\ANhn\)ds^ = 0. 

Then the following argument for the compact containment condition are exactly the same 
with that in [7]. Next, with Lemma 12.21 Proposition 13.11 and Lemma l2.ll in hand, the 
proof of C-tightness is analogous to that of Proposition 3.7 of [7j. By Proposition 13.11 we 
see that the L^-method in [7] is available. Thus, we may use the arguments in the proof 
of Proposition 3.2 in [7] with some trivial modifications to obtain the desired convergence 
theorem. Theorem 11.11 □ 



4 Proof of Theorem 11.21 

In this section we assume that 

d = a = 1 and b(t) = t. 

With a we always mean a constant which is strictly less than 1. We can adopt some of the 
arguments of [9] to prove some analogous results to those in [9] without using the fact that 
p{-) is in the domain of attraction of a stable law. We will refer the reader to these results 
as we use them. 

4.1 Characterization of 7* 

Recall the definitions of f and r in Section 11.31 For e, e' G Z define the event Tj^ie, e') = 
{f(e, e') < T, f(0, e) A f(0, e') > T}, and let 

qT = J2p{e)p{e')P{TT{e,e')). (4.1) 

e,e' 

We have the following characterization of 7* . 



Proposition 4.1 

7*= lim (logr)gT < 00. (4.2) 



T^oo 



To prove Proposition 14.11 we follow the arguments in Section 2 of [9]. Let = inf{t > : 
= x}, and write to indicate the law of the walk B^. Let P(-) = X^eP(e)P^(-), and 
define 

H{t) = P(ro > t). (4.3) 
The following proposition is a version of Proposition 2.2 of [H]. 

Proposition 4.2 

Mm H{t)\ogt = pi{0)~^. (4.4) 

t—*oo 



^ 1^° ^ < 2a(x) for all x e Z, t > 0. (4.5) 
H{t) - ^ J ' ^ ^ 

lim = a(x) for all x G Z. (4.6) 

a(a;)/|x|, x 7^ zs bounded on Z. (4-7) 

Proof. For (|43D, let G(t) = /q p,(0, 0)rfs. Proposition O implies G{t) ~ pi(0)logt as 
t — s> 00 in (i = 1. Then one can follow the arguments in the proof of Lemma A. 3 in ^ by 
using the last exit time decomposition of Lemma A. 2 there and with (A. 7) replaced by (12.51) 
to obtain that G{t)H{t) ^ 1 as t ^ 00; see the arguments after (A. 8) of [1]. Then (14.41) 
holds. 

Recall that {Z„ : n = 0, 1, 2, ■ ■ ■ } denote the discrete time stable random walk defined in 
Section 11.21 With abuse of notation, let denote the law of the walk starting at Zq = x. 
Let = inf{n > 1 : Z„ = x}. By T29.1 of [23], 

n 

a{x) = lim V[P°(Zfc = 0) - P°{Zk = x)] < 00 exists for all x in Z. 

n— >oo ' ^ 

k=0 

Note that Pll.l, P1L2 and P11.3 in Chapter III of f23] are available for one- dimensional 
recurrent random walk; see arguments before P28.1 of [23]. Meanwhile, according to T29.1 
and P30.1 of [23], (i)' and (ii)' on page 116 in Chapter III of [23] also hold for one- dimensional 
random walk. Then we can check that both P11.4 and P11.5 in Chapter III of [23] are also 
available. Thus we have 

P°(^x- < (To) = l/2a(x). 

Since the sequences of states visited by the walk is equal in law to the sequences visited 
by the walk y„ (with Yq = 0), we have -P(r^. < Tq) = l/2a(x). The strong Markov property 
implies that 

H{t) > J2pie)P'{r, < To,ro > t) > J]P^(r, < ro)P"(ro > t) 

e e 

and then (14.51) follows. 

For dlJ]), by T32.1 of [23], 

P%ao > n) 



Define 



Then 



h{n) = P\Y, = 0). 



0<fc<n 



1 

/i(n) ~pi(0) ^ - as n oo; (4.9) 
see Page 696 of [15]. We also have that 



k 

k=l 



see the proof of Theorem 6.9 of [15]. Thus 

P°{ao>n)logn^pi{0y\ (4.10) 



According to a standard large deviations estimate for a rate-1 Poisson process, say S{t), 
e^^P{S{t) ^ [t/2,2t]) — > as n — > oo for a some constant C > 0. Then the fact that Ys{.) 
is a reahzation of yields 



(1 - o(e-^*))P^(ao > 2t) < P^tq > t) < o(e-^*) + P^(cro > t/2). 
The inequalities above, together with 04.81) and fl4.10l) . imply 

lim = 1. (4.11) 

By (S3D we see H{t)/P%ao > t) ^ 1 as t ^ oo. Then gS} and flCTl) tell us (iJ]) holds 
readily. Finally, 04.71) follows from the fact that 

a(x) 
hm = 0; 

see P29.3 of [23] and elsewhere. We have completed the proof. □ 

The proof of Proposition 14. II is now exactly as that of Proposition 2.1 in Section 2 of [S]. 
We omit it here. 

4.2 Voter and Biased Voter Estimates 

In this subsection, we consider voter, biased voter bounds. We follow the arguments in 
Section 5 of [9] step by step. For b,^ > 0, the 1-biased voter model C,t is the Feller process 
taking values in {0, 1}^, with rate function 

.(..jj^/t" + 'ffW = 0. (4.12) 

{"ki^.O iffW = i, 

where fi{x,^) is as in 01.11) . The 0-biased voter model is the Feller process taking values 
in {0, 1}^ with rate function 

c{x,0 = l"^''^^'^^ iU(x) = 0, 



The voter model C,t is the 1-biased voter model with bias 6 = 0. Then by Theorem III. 1.5 

of [IE], 

so that 



of [16], assuming = = ■Co, we may define C,^,^t and on a common probability space 



i,<^t< 6 for all t > 0. (4.14) 
For ^, C G {0, 1}^, ^ < C means ^(x) < ({x) for all x G Z. 



Let us recall the voter model duality; see [16]. Recall also the coalescing random walk 
system {]3f : a; G Z} defined in Subsection II. 3[ The duality equation for the rate-1 (z/ = 1) 
voter model is: for finite A C Z, 

P{^t{x) = IVx eA) = PiUBt) = IVx G A). (4.15) 

Define the mean range of the random walk by 



R{t) = E (j2l{B0=x 

\ X 



for some s<t} 



By a result for the range of the discrete time stable random walk in 

}im-^=M0r\ (4.16) 

t-»oo t/ lOgt 

see (l.e) of [I5] and recall (14. 9 p for the asymptotic behavior of h{n). 

First, we consider the voter estimates. Let Pt,t > he the semigroup of a rate-1 random 
walk with step distribution p(-). Recall the definition of \p\a in Section 3. For : Z ^ M 
and ^ G {0, 1}^, let 

e(0) = E'^(^)^(^)- 



Lemma 4.1 Let denote the rate-u voter model. Then for all hounded 
< a < 1 and t > 0, 

EmUit))) < (z/t|p|.i?(2j/t))i/2||0||„/2|eo| +i/(2z/t)eo(0). 

Remark 4.1 i4.11\) is just a version of (5.8) in Lemma 5.1 of We slightly abuse our 
notation and we can prove that the other statements in Lemma 5.1 of ((5-6), (5.7) and 
(5.9) there) hold without modifying any arguments of their proofs. 

Remark 4.2 Recall the definition of in Section 3. We see for 0=1, the right side 

of glials just H{2vt)\^. 

Proof. It suffices to consider v = 1. Using the voter duality equation (14.151) and following 
the arguments in the proof of (5.8) of [9], we have 

Emfom) < Y,U^)p{e)E (0(^ + i?°)l|.(o,e)M}) . 

For any z and < a < 1, 

^p(e)i?(0(^ + 5°)l{ 

e 

< Y.p{e)E ((||0|U/2|i?,r/' + 0W) lMo,e)>t}) 



: Z ^ R+, 
(4.17) 



> 1/2 

<M\^/jE{\B?nJ2pie)P{r{0,e)>t)^ 
+<P{z)Y^p{e)P{T{0,e)>t). 

e 

Since E{\Bf\^) < t\p\^, this proves (HTTI) . □ 

Next, we give some biased voter model bounds. Let be the 1-biased voter model with 
rate function (14.121) . By the same arguments in Section 4 of [7j, we can prove the following 
inequalities without using any of kernel assumptions. 

E{m < (4.18) 
< e^^'f|eor + ^(l-e-^*)|eo|') (4.19) 



< e'^m^ol' + + b^ol) (4.20) 

In the subsection 4.3 below, we will compare the Lotka-Volterra model with the biased 
voter models on S^v- In order to construct coupling < < we assume that 

the voting and bias rates uj^ and bj\f are 

u = un = N -9\ogN and b = = 29\ogN. (4.21) 

As in [9] , we need improved versions of (I4.18P and (I4.19P . For p > 2 and < a < 1 define 

Kp = Hp{b, u) = ?){bH{2u/¥') + e^) and k = K3, 
A = A{b,u) = bR{2u/b^) + 3e'^{l + 2iy/b), 

Bp = Bp{b, v,a) = {\p\^vb''^^H{2v/W)f/^ + bH{2v /W){\p\J^v /V + 1))^/^ 

and 

h^{h,u){t) = eh-^'^ + 2K^+''^\ 

h2{b,v){t) = eH~^/%l + 2u/b) +5KAe^-^^'''. 

Put P(j){x) = J2yP{y " ^)4'{.y) and define the operators 

A(p = u{P(t)-(p) mid A* = {I +b/u) A (4.22) 

and denote the associated semigroups by Pt and P^ respectively. 

Remark 4.3 Comparing the constants and functions defined above with those defined in 
(5.16) and (5.17) of f^, we see that only Bp is different. We replaced 2(j^ by \p\a- 

Remark 4.4 For the parameters v = u^, b = bj^ in ^.21^ , jj.j^ and ^4.10) imply that 
Kp = 0(1), A = 0{N/ log N) and Bp = O {N^/^ {log NY^-p^^) as N ^ 00. 

Remark 4.5 The estimates in Remark \4.4\ will play important roles in the following proofs. 
That is why we are forced to assume that {p{x)} is in the domain of normal attraction of a 
stable law. Or we need to replace logN by f-^ b{s)~^ds. Then the estimates in Remark 
will be not available. 



The following proposition is a version of Proposition 5.4 of [9]. 
Proposition 4.3 Assume b > 1 and p > 2. For all t > 0, 





< 




(4.23) 


E{m 


< 




(4.24) 




< 


/^iWl^ol, 


(4.25) 


bEiMtifom) 


< 




(4.26) 



For all bounded : Z ^ [0, oo) , p > 3 and < a < 1, 

EU^)) < e''-''^^'^-^^' {UPt%<P)) + Kb'-^^^^^ leol). (4.27) 

Remark 4.6 Proposition 5.4 of JM/ WO'S proved with the help of Lemma 5.1, Lemma 5.5 and 
Lemma 5.6 there. We can adopt the arguments in to obtain similar results in Lemma 
5.5 and Lemma 5.6 of f^. With abuse of notation, in the following we assume that those 
two lemmas are available for us. 



Remark 4.7 The only difference between Proposition ^.'^ and Proposition 5.4 of is that 
inequality ( [y^.^Tp is different from inequality (5.23) there. In fact, the key reason is that 
when prove the inequality Ili4.27 ), we will use estimate ( [y^.i7| ) in Lemma 4jJ_ of this paper 
replacing the estimate (5.8) of Lemma 5. 1 of J^. 

Proof. According to Remark 14.11 Remark 14.61 and the coupling (14.141) . we can follow the 
arguments in to obtain that (5.36), (5.37) and (5.38) there are available which will be 
used in the following proof. Put e = 5"^ and assume > 0. We also have that 



E{\Uh(t^fo{l)) 



< 2bM\ooE{\U - < ne'' - l)ll0lloo|eo| (4.28) 



which is just a version of (5.39) of [9] (In fact, they are the same). The voter model estimate 
( 14T711 tells us 



^2\^o\+bHi2ue)^o{^). (4.29) 



EiUbMm < 2eb'e\\<l>\U^ 

+bi\p\^ueHi2ue))'/' 

By using Markov property, we see for s > e, 



EiUb^foimJ's- 
< (2e62e||</.|U + 

Take expectations in (14.301) for 
for s > e 



b{\p\^ueH{2,.e)Y/'My,) 
6=1 and recall the definition 



Using this inequality in (5.36) of [9] yields for s > e, 



bH{2ue%.,{ct>). (4.30) 
a in Section 3. We have 

(4.31) 



Em)<E{\U) + ^^v E{\ls^,\)ds<e'' + K^ E{\U)ds, 



where the second inequahty follows from (5.38) of [9]. This bound also holds for t < e. Then 
Gronwall's inequality implies that 04.231) holds. 

Again using (5.38) of [9] gives that for ■?/; : Z — IR+, 

meW) - < ie'- - i)eo(^e» + up:) - un- 

Note that 

|PXx) -^(x)| < ||z^lU/2i?(|s.Vv^)l^^') < MMeiu + bM^y/'. 

Thus 

Then by using Markov property, for s > e, 

Since I |Pj*_^0| |a/2 < ||0||q/2, using above inequality in fl4.30p with ip = Pt_s(f) replacing 0, 
we have for s > e, 

E(e,(6p;_>/o(e.))) < {K,bhM\^ + B.my^) i^d^s-.i) + KpE{UP:-s<p)), (4.32) 

which is a version of (5.43) of [9]. Then the following arguments for proving fl4.27p are very 
similar to those after (5.43) in [9]. We have proved fl4.23p and fl4.27p . The other statements 
in the proposition can be proved in a similar way to that used to prove their counterparts 
in (recall Remark 14. 1^ Remark 14. 6p . We omit it here. □ 

Remark 4.8 We have followed the arguments in Section 5 of to obtain some voter and 
biased voter estimates. In fact, we only replaced (5.8) and (5.23) in Section 5 of JV^ by 
( [^.i7| ) and ( [^.^7| ) respectively and modified the arguments in the proof of (5.19) and (5.23) 



of l^; please compare ^7^-^7^ with their counterparts (5.40)-(5.43) in Section 5 of f^. 



We can also adopt the arguments there to obtain similar results to all other statements in 
Section 5 of without using the fact the p{-) is in the domain of attraction of a stable law. 
In the next subsection, we will directly refer to them. 

4.3 Four Key Results 

In this subsection, we will give analogous results to Propositions 4.3, 4.4, 4.5 and 4.7 of [9]. 
We first list those results and will give their proofs later. Let 

9is) = q^~'/'e%m, (4.33) 

where C j^ 331 will be chosen later. 

Proposition 4.4 (a) For T > there is a constant Cj^^^T) such that for all N eN, 



supi?(Xf(l)) < q^(T)X^^(l), (4.34) 
E(^supXf(l)2^ < q^(T)(Xo^(l)^ + Xo^(l)). (4.35) 



(b) For alls>0 and N eN, 



(logiV)E(Xf(/o^(-,e))) < ^(s)Xo^(l), 
(logiV)E(Xf(l)Xf(/o^(-,e))) < ^(.)(Xo^(l)^ + Xf(l)). 



(4.36) 
(4.37) 



Let Alfii^) = j^{N + 9\ogN)ANW with semigroup P^^'*. 

Proposition 4.5 For p > 3 there is a constant Cj^7^(p) such that for any t > and 



E(Xf(0)) < e(^°^^)^-''em'Xo^(Pf'» 

+Cg;||e«||0||V2(logiV)(^--)/^Xo^(l). 

Proposition 4.6 For p > 3 there is a constant Cj^7^(p) such that for all (j) : 
e = {\ogNyp, then 



(4.38) 

R+, if 



E(Xf (logiV0/o^(-,ef))) < q^o"^(l)||0||i/2(logiV)^^-^)/^ + q^o^(0)- (4.39) 



Let supj^2- indicate a supremum over all Xq G M(§7v) 
Xo^(l) <K, ||0||Lip</^andt<r. 



and t > satisfying 



Remark 4.9 A^'ofe i/iai z/ 



Lip 



< K, then ||0||q < 2K for any < a < 1. 



Proposition 4.7 For every K,T > and < p < 2, 



lim sup E 



rxf(logX0Vo"'(-,e))-Pi(O)-^X. 
Jo 



and /or z=^, 5, 



lim sup E 



D 



NA 



0. 



(4.40) 



(4.41) 



Recall the rescaled Lotka-Volterra models in Section 11.21 and assume (A2) holds. Also 
recall the 1-biased voter model and 0-biased voter model with rates u = uj^ and b = bjsf 
defined in the last subsection. Set ^^{x) = ^t{Nx) and = ^^{Nx) for x G Sn- Thus 

the rate function of C,^ is given by 



c(x,0 



(^^iv + M/f(^,0 ife(a:) = 0, 
z/^/o^(x,0 ife(a:) = l 



and the rate function of ^^{x) is given by 



2-4 



0, 

1. 



Assume is large enough (A^ > A^o) so that > and 6iv > 1. As in the last subsection, 
we may construct the three processes on one probability space so that = = and 

if < < for all t > 0. (4.42) 

Define 

It follows that 

< < for all t > 0. (4.43) 

Keep Remark 14.41 in mind. Applying Proposition 14.31 gives that there are constants Cj^^H 
and 6 14 331 such that for all N > Nq and t > 0, 

< qfellpWXo^(l), (4.44) 
E{X,^m < qfe31]eW(Xo^(l)^ + Xo^(l)) (4.45) 

and if g is as in fl4.33p , then 

(logAr)E(Xf(/o^(-,e7))) < gm.'^il), (4.46) 
(logX)E(Xf(l)Xf(/o^(-,e7))) < ^(t)(Xo^(l)^ + Xf(l)). (4.47) 

Typically, we have there exists a constant Cj^^H] such that 

E(Xf (1)) - E{Xni)) < q^ihgNr' + t]Xo^(l), < t < 1 (4.48) 

whose counterpart in [U] is (6.7). We first prove Proposition 14. 4[ In fact, we only give an 
outline. 

Proof of Proposition^^ With inequalities 04.441) . fl4.45p and the coupling 04.431) in hand, 
part (a) follows from the strong inequality for non-negative submartingales and the fact 
that XfilY is a submartingales; see Remark 14.81 and (5.29) of [9]. For part (b), if we have 
similar results to those in Proposition 6.1 of [9], then part (b) follows from Remark |4.4[ But 
the proof of Proposition 6.1 of [9] works here if we replace (5.40) there by 04.29P in the last 
subsection; see Remark 14.81 □ 

Proof of Proposition |^.5} Recall that is the biased voter model with rates v = N — 
9\ogN and b = 26 hgN, and (x) = ^t{Nx), x G S^v- For : M ^ M+, define : Z ^ R+ 
by 0(x) = ^pix/N). Then ||0||oo = ||^^||oo and for < a < 1, 

|0(x)-0(|/)| ^ |0(x)-0(y)| 

xj^y,\x—y\<l 1*^ y\~^ 2:7^j/,|a:— j/|<l l*^ Vl ^ 

< N-y^ ' sup 

x=^y,\x-y\<l/N F ~ 2/| ' 

Thus 11011^2 < N-y^\\^\\,/2. Note that A^tjjix) = (N + eiogN) E,gs^P7v(y-x)^(y) with 
semigroup P/^'* and A*(f){x) = {N + 9logN) '^yPiy — x)(j){y) with semigroup P^*; see 04.221) 



for the definition of A*. We have that P*(f){x) = P^'*ip{x/N) and = According 

to KTl} . we obtain 

Since p > 3, Remark lO] imphes Kpfe^-p + BpN-^l^ = O {(log NY^-p^^^) as N ^ oo. Then 
the fact that 6 > 1 imphes b > logN and the couphng fl4.43p yield the desired inequality 

Proof of Proposition Let e = b~P. According to Remark 14.81 we may use (5.32) of 
[9] to obtain that 

E{Xf{b<j>fo{e))) < i?(X,^(60/o(ef))) + 2&||0||oo(i?(Xf (1) -Xf (1))). 
Applying (5.62) of [9] and (ICTI) gives 

E{X^{b<Pfoie))) < (6e62-^||0|U + 5piV-^/^||0||i/2)Xo^(l) + «:,Xo^(0). 

Then Remark yields I^M>- □ 

We will give the proof of Proposition 14.71 in the final subsection. In the next subsection 
with the help of the four propositions in this subsection we prove Theorem 11.21 

4.4 Convergence Theorem 

In this subsection, we follow the strategy in the Section 4 of [9] to obtain Theorem 11.21 
First, we check the compact containment condition. 

Proposition 4.8 For all e > there is an n ^ N, so that 

supP ( sup (P(0,n)") > e I < e. 

N \t<e-^ J 

Proof. The proof is similar to that for Proposition 4.12 of [H]. We only give an outline 
here. Recall that b{N) = N. Let /i„ : M'^ ^ [0, 1] be a function such that 

l{|a:|>n+l} < hnix) < l{|x|>n} 

and 

sup ^ \\ihn)i\\oo + \\ih„)ij\\oo + \\{hn)ijk\\oo = Ch < oo. 
i,j,k<d 

By the semimartingale decomposition 

3 

SUpXf (/l,) < X^{hn) + V sup \D^'\hn)\ + SUp |M,^(/l„)|. 
t<T ~Y 

We need to check the right hand side tends to zero as N,n ^ oo. Let 



r]N ■■= sup ||^Ar(/l„,) 



'"n I 



I oo • 



Then limAr_^oo ''7Af = by Lemma [2.21 Note that 



^\}!^J2J2\^x-y\^p^{x-y)e{y) 



< 



Ch\p\a ^N 



y X 



Set 7]'j^{T) = q434i(T)(r/jv + eCh\ogN\pym)T). We have, as in the deviation of (4.17) 



m 



E (^supXf < X^{K) + 2{{M''{hn))TY^' + v'NX^i^: 



T 



C, E{X':iK_,))ds + 2e EiX':{K\ogNf,^ie;)))ds. (4.49) 



Applying Proposition 14.61 and 04.341) . we obtain the last integral above is bounded by 



vUT)x^a) + qmi I E{Xs{K))ds 



T 



(4.50) 



where r/^(T) = (J^2^T)[{\og + O^^hT/ \ogX]. By Lemma O and (OIll there is 
a constant ^4.5X1 (7") such that if 0^ = "0, then for any a < 1 and < s < T, 

E{\ml,\ + \ml\) < q^T)M\l{\ogX/X^)X,''{l). 



Then the above inequality, (14.501) and Lemma 12.11 gives (recall N/ N' = log A^) 



E{{M-{K))r) < V%{T)X;,\l) + 2q^ / i?(Xf (/.„))d. 



(4.51) 



(4.52) 



where 7]%{T) = 2r/^(T) + G^^T)TCl\og X/N^. Finally, let B^'* be the continuous ran- 



dom walk with semigroup Pf'* defined before Proposition 14.51 Bq'* = 0. Note that 



AT,* 





P \B 



> 



n — 1 



P I I ^° - I 



> 



X{n 



Since b{t) = l{t) = t, Proposition 12.41 yields that the left hand side above goes to uniformly 
in G N and 0<s<Tasn^oo. Thus with the help of Proposition 14.51 and the 
inequalities (14.491) . (14.501) . (I4.52p we can conclude: for any T, e > there is an A'o such that 



for A^ > A-^^i > Xo,E{snp Xl^hn)) < e. 

t<T 



□ 



The desired result is immediate. 

Proof of Theorem }!.^ In fact, we have already completed all tasks. First, with (14.3 
and (I4.37P in hand, by the same arguments as those in the proof of Lemma 4.10 of [9], we 
have there exists a constant C j'4,53| (^) such that for all < s < t < T, 

2^ 



E 



Xj^(logA^/o^(e))rfr 



< 



q^T)it - sr/'ix.^ar + x,^ii)). (4.53) 



Now, recall the decomposition of Xl^{(j)t) in Section 12.21 With the help of Lemma 12.11 
and fl4.53p . by the the same arguments as those in the proof of Proposition 4.11 of 
for each e Cl'^(R+ x M), each of families {X.^((/)),iV G N}, {D^'\ N eN}, i = 1,2,3, 
{{M^{(j))).,N e N}, and {M.^(0),iV e N} is C-tight in D([0,oo),M). The C-tightness of 
{Pn,N G N} is now immediate from Proposition 14.81 and Theorem II. 4.1 of [H]. Then to 
check any limit point of {Pn} is the law claimed in the Theorem, one can follow the same 
arguments as those in the proof of proposition 4.2 of [^, using Proposition 14.71 above. □ 



4.5 Proof of Proposition 14.7 



For N fixed, let C,t be the rate un = N — 6 log N voter model on Z, with rate as in f l4.12p for 
6 = and u = uj^. Define q (x) = ^t{xN), x e Stv, the rate uj^ voter model on Stv- Recall 
the independent and coalescing random walks system {B^} and {-Bf } defined in Section 
11.31 We need to introduce their rescaled versions as follows: for x,y G Sat, 

= i^.^t/A^, B^''' = BZ/N, (4.54) 

and 

r^(x, y) = t{Nx, Ny)/i,^, f^(x, y) = f(iVx, Ny)/uN. 

Define 

eit)=snp\tpt{0,x)-piix/t)\ V (l/t'). 

By Proposition 12.21 e(t) — > as t ^ oo. Then for each k G Z"*", there exists a t{k) such that 
for t > t{k), e{t) < 1/k. Define 

e'm^h "£'£'(1). (4.55) 

[l/k, tik) <t<t{k+l). ^ 

Then e'{t) j as t ^ cx) and e'{t) > e{t) for t > t{l). Let r/A^ = e"^"^"^ and = 
i^Ar(2 — r/Tv) / log and 



e'^ = (log log iV)-^ V V£'(a^/loglogiV). 

Then 

log log ' 



Ctv :- (^e(a7ve'^)/e'^ , ^^^^ 

< e'iaNe'j^) (^^'(a^/ loglogiV)) ' + 

< Ve-(a^/loglogiV) + ^ 

log JM 



1 log log 



logA^ 



as — s> oo. Define the sequences 



t7V = r^, ir^ = (logA^)l/^ SN = K^tN. (4.56) 
log A* 

We assume that A^ is large enough so that e'^ \/ y 6n < 1 and ^Ar/e'^ — > as A^ — oo. 
The following lemma is a version of Lemma 7.6 of [9]. 



Lemma 4.2 There is a constant jy| such that 



N' 



1, r {x,x + e) > tN 



< 




dX^{w)dX^{z) + qisW^X.^^jiy. (4.57) 



lui— 2|<<5]v 

Proof. By translation invariance and symmetry, the left side of fl4.57p is 

e 

J2 NP{Bff = w-x, Bf/ = z-x, r^(0, e) > t^) 

w,z 



(4.58) 



where r,^'^ = inf{s : B^''^ = 0}, and S^, respectively, S^, denotes the contribution to 
fl4.58p from w, z satisfying |w — 2;| < K^t^, respectively, |w — 2| > K^t^. Let 

P{{B^.r^) e ■) = J2P^{e)PiiB^-,r,''n G ■)• 



For S^, use (12. 5p and the Markov property at time t^ to see that 

iVP^(i?2l = ^-^,ro^>2t;v) 

< NE{P{Bff = z-w- Bg{w)); > t^) 
<CNP{r^ >tN){u^t^)-' 

,NH{vNtN) 



< C- 



VNtN 



By (14. 4p . there is a constant ^4,591 such that 




ciXo^(«;)(iXo^(2). 



AT/ 



\'w—z\<K]sit]\ 



(4.59) 



It is more complicated to bound S^. Using the Markov property at time r/ArtAr gives 
P^ {Bg^=w-z,T^ >2t^) 



sup P B 



)N,0 



+ P P 5 



)N,0 

(2-r)]v)tjv 



X 



N 



K^tN 



2c 5 



say. 



Note that 



P ( IP^ I 



> 



KNtN 



J2PNie)p{\B%,,t.+e\> 



NKntN 



which is bounded by 

P I > 



{NK^tNY'^ 



By Proposition 12.41 



(Note that l{t) = b{t) = t.) Thus by (^M) 



.N [ml Km + l/{NKMtNY'^) 



S(; < ^' ' ' \ ^ — '-. (4.60) 

Let us consider S^. By the definition of e{t) and fl2.1ip (recall d = a = 1), 



Pi(0,x) < — — + 



t _ t ^ 

■ t 



< ^ I £(t) + C2 I 1 A 
Note that for \w - z\ > K^tN, on {\B^^^J < ^^}, 



X 



KnIn 



Thus by inequality (14.611) . is less than 



Thus by a^e'^^ = z/jv(2 — ?7Ar)tAr and (14. 4p . 

logA^ 



S^e < C (e(a^6'^) + 1/K^) 



< C{e{aMe'j,)/{Ne'^) + {NlogNe'^)-') 

< cfe(a;v6';v)/(iV4) + ^°^^°^^ 



(4.61) 



AT log AT 

= Ce^/N, (4.62) 
where C may change its values from line to line and the second inequality follows from 



\0g{UnfiNtN) = log(e'^) + log(z/Ar) - log log - ^/\ogN 

and limTv^oo — = 1. With fICTD . Km and Km in hand, flCTl) yields the desired result, 



For : M2 R, C e {0, l}^'^ and X(0) = (1/iV') 0(x)C(x), define 
Af'+(0,C) = X(logA^0Vo^(-,C)) 

A^'+(0,c) = ^E(i-c(^))<^(^)i°g^A''(^'0' 

A^'+(0,C) = X(logW(f(-,C)') 



and 



,,,0 = A;'+(0,C)7,^(0), J = 1,2,3, 
where 71 = pi(0)~^ and 72 = 73 = 7*- Define 

m(l) = 2 and m(2) = m(3) = 1. 

The following proposition is a version of Proposition 7.5 of [^. 



Proposition 4.9 There is a constant anc? a sequence r ^^^'^ (A^) | siic/i ^/iai /or 

J = 1, 2, 3, z/ : M2 ^ M, i/ien /or an?/ < a < 1 



|E(A;(0,efJ)| < TO(iV)(Xo^(l) + X(f(l^^ 



m(j) 




(4.63) 



l«'-2|<<:jv 



Proof. To prove the proposition, we can define S*'^, i = 1,2 for j = 1 and i = 1, 2, 3 for 



J = 2, 3 as in (7.20), (7.21) and (7.22) of [S] and decompose each E{Aj'^) into a sum of 
those terms. We omit the definitions and decompositions here, since they are the same. By 
Lemma 14.21 we can show that 
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For S^'^, j = 2, 3, with Proposition 14.21 in hand, one can check that a similar conclusion to 
that in Lemma 2.5 of [9] is available. Following the proof of Proposition 7.5 of [9], we have 
there exists a constant 6 (4 55] depending on p(-), 

^2'"" + s^'"" < q^mMiooX^mogNr^/'. (4.65) 

Now, we need to establish that there is a sequence rjiN) such that for j = 1, 2, 3, 



Let e denote independent random variable with law p(-). First, 
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We also have 
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(4.67) 



where the second inequality follows from Proposition 12.41 Typically, we have 
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Now, we consider the case of j = 2. By the same arguments as in [9], we can show 
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where the second inequahty follows from Cauchy-Schwarz inequality and considering the 
cases l-Bj^'^l > and |-Bf^'^| < ^/e^v- Thus by f l4.4p . fl4.67p and Proposition 14.11 there 

exists a sequence iWogiN) which goes to as — >• oo such that 



S^'^-7*X-(</.)|<r™(iV)ll0lU^o'(l 
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(4.69) 



By replacing B^^'^, B^J^ with B^jf , B^J^ respectively, the same argument as that above gives 
the same bound for iSg'^— 7*X,f (0)|. Typically, inequality fl4.67p could be simplified. Next, 
we turn to ^. Following the strategy of the proof for term on ^2'^, we have that 
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According to (14.671) and (14. 4p . we can conclude 
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where r j4 >^q| — > as — 00. Thus we get the (I4.66p . By decompositions in (7.18) of [9], 
we obtain the desired result. □ 



With Proposition 14.91 in hand. Proposition 14. 71 follows from the following two propositions 
which are analogous to Proposition 7.1 and Proposition 7.2 in [9] and a similar argument 
to that in Section 8 of [9]. 



Proposition 4.10 There is a constant Cj^777](-f^) (iiT'd sequence r |^^ yj| (^) i such that fi. 
all (f) -.M. ^ [0, oo) satisfying \ \(f)\ \Lip V Xq{1) < K and j = 1, 2, 3, 



or 
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(4.71) 



Proof. First, we can obtain follow the strategy in the proof of Lemma 7.8 in j9] to obtain an 
analogous result to that in Lemma 7.8 of [9]. Then with our coupling, (14.481) and Proposition 
14.91 in hand, following the argument in [9], one can get the desired result. □ 



Proposition 4.11 There is a constant C^'/m such that for all < t < T , 
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The proof of Proposition 14. Ill is also exactly the same with that of Proposition 7.2 of 0|. In 
fact, we only need to prove the following random walk estimate which is a version of Corollary 
7.9 of [9] and can be deduced directly from (12. 6p and Proposition l2.3[ Let B^'* be the random 
walk with semigroup {P^'*,t > 0) from Proposition 14.51 at rate vn + i>N = N + 9logN, 
B^'* takes steps with Pn{.') and B^'* = 0. 



Corollary 4.1 (a) For all a; G Sat and t >0, 



P{Bf'* = x)< 



l + Nt' 



(4.73) 



(b) Assume S'j^ I and N6'j^ oo. For each K > there is a constant Cj^y^j(i^) > such 
that 



Now, one follows the argument in [H] to get Proposition I4.11[ To obtain Proposition 14. 7[ 
the following arguments are similar to those in Section 8 of [9]. We omit it here. 



5 Voter Model's Asymptotics 



In this section, we will prove Theorem 11.31 and we assume that assumption (Al) holds with 
b{t) = t^^". Recall that pt = P{\^t \ > 0)- ^^^^ object is to prove that 
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logt 
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(5.1) 



The asymptotics above are similar to the results in Theorem 1 of [3]. Note that Theorem 1 
of [3] could be proved under the assumption that the underlying motion has finite variance 
and one only need to modify the proof of Lemma 5 of [3]; see Lemma 2 of [2]. For our 
purpose we also need to generalize the asymptotic results in (14) of [3]. 

Recall that {B^,x G Z^} is a collection of rate-one independent stable random walks with 
Bq = X. Let pt{x, y) = P{B^ = y) denote the transition function of {-Bf }. Define the mean 
range of the stable random walk B^ by 
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By the results for the range of the discrete time stable random walk in [15] , we see 

lim =pi(0)-^ d = a, 
t^oct/logt ^ ^ 

lim = 7e d> a. (5.2) 

t^co t 

With this in hand, one can generalize the asymptotics results in (14) of [3]- Now, to 
prove (15. ip we only need to prove some analogous results to those in Lemma 5 of [3]. Set 
Gt{x) = J^psiO,x)ds and let t{x) = mf{t > : Bf = 0}, define Ht{x) = P{t{x) < t). 

Lemma 5.1 If x eU^ with \x\ = r, then there is a constant C^ q, > such that 

Hrc.{x) > Cd,a/iogr d = a, 
> Cd^ar""^ d>a. 

Proof. We first consider the asymptotics for the Green's function. According to (12.41) and 
(12. lip , when r large enough, 

Gr4x)= PsiO,x)ds>ci —[T^ds-j s~'^/''ds. 

A bit of calculation show that there exist a constant Cd,a > such that 

Gr^x) > Cd^ar""^ d>a, 
> Cd,a d = a. 

By (12. 5p , we see that there exist constants q, > such that 

GAO)<Ca^^ d>a, 
<CUAogr d = a. 

Then the desired result follows from inequality Ht{x) > Gt{x)/Gt{0). □ 

Now, one can follow the arguments in Section 3 of [3] to obtain (15.10 (Note that when 
prove an analogous result to that in Lemma 4 of [3] one may need to set St = d[{2pt^y/'^]''.) 
With (15. ip . Theorem 1 1 . 1 1 and Theorem 11.21 in hand, the following proof for Theorem 11.31 are 



exactly the same with that in [6]. We left it to the interested readers. The intuition is that 
the underlying motion has nothing to do with the total mass process. 
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